UNCERTAINTY PRINCIPLES FOR ORTHONORMAL BASES 



PHILIPPE JAMING 



Abstract. In this survey, we present various forms of the uncertainty principle (Hardy, 
Heisenberg, Benedicks) . We further give a new interpretation of the uncertainty principles 
as a statement about the time-frequency localization of elements of an orthonormal basis, 
which improves previous unpublished results of H. Shapiro. 

Finally, we show that Benedicks' result implies that solutions of the Shrodinger equation 
have some (appearently unnoticed) energy dissipation property. 



1. Introduction 

The uncertainty principle is a "metamathematical" statement that asserts that 
a function and its Fourier transfrom can not both be sharply locahzed. 

There are various precise mathematical formulations of this general fact, the most well 
known being those of Hardy and of Heisenberg-Pauli-Weil. It is one of the aims of this 
survey to present various statements that can be interpreted as uncertainty principles. The 
reader may find many extensions of the results presented here, other manifestatior 
uncertainty prmciple as well as more references to the vast litterature in the surveys 
and the book [HJ . Part of this survey has serious overlaps with these texts. 

We start with results around Heisenberg's Uncertainty Principle and show how this can 
be proved using the spectral theory of the Hermite Operator. We also give a not so well 
known extension that shows that Hermite Functions are "successive optimals" of Heisenbej^g's 
Uncertainty Principle. We complete this section with a new result joint with A. Powell \ \TP\ 
that shows that the elements of an orthonormal basis and their Fourier Transforms have 
their means and dispersions that grow at least like those of the Hglj'i^i^Basis. This gives a 
quantitative version of an unpublished result by H. Shapiro (see f ShH1H'h2] ). 

In a second section, we consider the problem of the joint smallness of the support and 
spectrum (support of the Fourier Transform) of a function. For instance, it is easy to show 
that a function and its Fourier Transform can not both have compact support. It was shown 
by Benedicks |Be] that the same is true when one asks the support and spec 
finite measure. Further, it was independently proved by Amrein and Berthier 
L^-norm of a function is controled by the L'^-norm of the function outside a set of finite 
measure and the L^-norm of its Fourier transform outside an other set of finite measure. 
We then show that this property implies that the solutions of the Shrodinger equation with 
initial data supported in a set of finite measure have a part of their energy dissipated outside 
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any set of finite measure (this is joint unpublished work with L. Grafakos). We complete the 
section by mentioning the closely related problem of energy concentration in a compact set 
studied by Landau, Pollak and Slepian and conclude it with the local uncertainty principle 
of Faris, Price and Sitaram. 

We pursue the paper by measuring concentration by the speed of decay awa ^^ fr om the 
mean. We first sketch a new proof of Hardy's Theorem due to B. Demange I jDej . This 
roughly states that a function and its Fourier Transform can not both decrease faster than 
gaussians and, if they decrease like a gaussian, then they are actually gaussians. We conclude 
the section by asking whether all elements of an orthonormal sequence as well as their Fourier 
Transforms be bounded by a fixed L^-function. We show that this implies that the sequence 
is finite a,p;jl ^iye bounds on the number of elements, thus improving a previous result of H. 
Shapiro [ ShlrS'h2,. 

We conclude the paper by reformulating some uncertainty principles in terms of solutions 
of the heat or the Shrodinger equation. 

2. Heisenberg's uncertainty principle 

In this section, we are going to prove Heisenberg's Uncertainty Principle and show that 
the Hermite Basis is the best concentrated in the time-frequency plane when concentration 
is measured by dispersion. This is done using the spectral theory of the Hermite Operator. 

2.1. Notations. 

For sake of simplicity, all results will be stated on M. Generalizations to are either 
strateforward using tensorization or available in the litterature. 
For / e L2(m), let 

— Kf) = |j7y|/R*l/(*)Pdt its mean. 



— A^(/) = J \t - /i(/)p|/(t)pdt its variance and A(/) = l\^{f) its dispersion. 
For / G n L"^(M), the Fourier Transform is defined by 



/(e) = / /(x)e"2^.x€dx 



and is then extended to all of L^(M) in the usual way. The Inverse Fourier Transform of / is 
denoted by /. 

For / € C^(M) we define the Hermite operator as 

The Hermite Functions are then defined as 



^ V \/2^y vdiy 

They have the following well known properties : 

(i) they form an orthonormal basis in L^(M), 

(ii) they are eigenfunctions of the Fourier transform /i^, = i~^hj., 

2k + 1 

(iii) they are eigenfunctions of the Hermite operator Hhk = h^. 
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This allows to extend the Hermite Operator as a semi-bounded self-adjoint operator on 
L2(M) via 

k=0 

Finally, an easy computation shows that 

{HfJ) = M/f + A2(/) + A2(/). 

2.2. Heisenberg's uncertainty principle. 

It is now easy to give a proof of the following: 

Heisenberg-Pauli- Weil's Uncertainty principle. For every f G L^(M), A(/)A(/) > 
^ll/llg. Moreover equality occurs only if there exists C G C, w, a, a G M, such that 

f{t) = ce^^'^'^^e-'^"!*-"!" a.e. 

Proof. First, replacing / by f{t) = e^*'^'^*/(t— a), it is enough to assume that = = 0. 
Further, it is enough to prove that 

A(/)2 + A(/)2>i-||/||2 

with equality only for f = cho- Indeed, it is enough to apply this to f\{t) = '^fi't/^) and 
then minimize the left hand side over A. 
But then, 

A"(/)+a2(7) = {HfJ) 

fc=0 

+ 00 f) fl r 1 -1 

A;=0 

Moreover, equality can only occur if (/, hk) = for all k ^ 0, that is, for / = c/iq. □ 

Remark : The above proof actually shows slightly more. If / is orthogonal to ho, - ■ ■ , hn-i, 
then 

AV) + AVl>^ll/f 

with equality if and only if / = c/i„. This shows that the elements of the Hermite Basis are 
succesive optimizers of Heisenberg's Uncertainty Principle. 
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2.3. A quantitative form of Shapir^^'^s ^J^ean-Dispersion Theorem. 

In an unpublished note, H. Shapiro [ShirSh2j asked what conditions should be put on 
sequences (a^), (6^), (cfc), (dfc) for the existence of an orthonormal basis (efc) of such 
that 

fi{ek) = ak, = bk, A(efe) = Ck, A(efc) = dfe- 

Further he proved, using a compactness argument, that an orthonormal sequence such that 
all four /x(efc), fi{ek), A(efc), A.{ek) are bounded is necessarily finite. These results were 
subsequently improved by A. Powell fPo who proved that there is no orthonormal basis for 
which /u(efc), A(ek), A(efc) are bounded and modified a construction of Bourgain to get an 
orthonormal basis for which ^(e^), /i(efc), A(efc) are bounded. 

The question was motivated by the developement of Gabor and wavelet analysis. More 
precisely: 

(1) A Gabor basis is a basis {gk,i}k,iez of L^(M) of the form gk,i{x) = e^^'^'^^g{x — I). It 
follows that fJ-{gk,i) ff^ oo when I ^ o o and iJ.{gk,i) oo when k — > oo. Moreover, a 
theorem of Balian I jBaj and Low I jEoj asserts that if {gk,i)k,i is an orthonormal basis 
then A{g)A{g) = +oo. 

(2) A Wavelet is a basis {gk,i}k,iez of L^(M) of the form gk,i{x) = 2^l'^g{2^x - I). Again 
l^{gk,l) oo when I — > oo, A(gk^i) — > oo when k — > — oo and A(gk^i) oo when 
k +00. 

We will now show the following quantitative form of Shapiro's result: 

Theorem (Jaming-Powell liJPj). Let {ek}k>o be an orthonormal sequence in L"^ (M) . Then 
for all n >0, 

{A'iek) + A\ek) + |^(e,)p + 1^(61)^) > 

k=0 

If equality holds for all n < uq, then for k = 0, . . . , no, = Ckhk, \ck\ = 1. 

As a corollary, we immediatl^ get the following: 
Corollary (Jaming- Powell ItPJ. Let {ek}k>o be an orthonormal sequence in L2(M) such 
that A(efc), A{ek), |/x(efc)|, |^(efc)| are all < C then the sequence has at most SirC'^ elements. 

The proof is a direct application of the Rayleigh-Ritz technique which we now recall: 
Theorem (Rayleigh-Ritz). Let H be a semi-bounded self-adjoint operator with domain 
D{H). Define 

Xk{H) = sup inf {Hip,'!!)), 

ipo,- ,'Pk-i ^(^[vo,- ,</3fe_i]i,||t/.||=i,VeZ)(/f) 

Let V be a n + 1 dimensional subspace V C D{H) and let Py be the orthogonal projection 
on V . Define Hy = PyHPy, and consider Hy as an operator Hy : V ^ V. Let < < 
• • • < Ain be the eigenvalues of Hy. Then 

Xk{H) < /ife, /c = 0, - • • ,n. 
Taking the trace of Hy, we then get that, for (ipk) orthonormal and in D(H), 

n n 

Y,^k{H)<Y^{H^k,Vk)- 

k=0 k=0 
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If one of the ipk^s is not in D{H), then the right-hand side is infinite and this is trivial. To 
conclude the proof of the theorem, it is thus enough to take H the Hermite operator and 



eq:sal (3.1 



eq: sa2 



eq:poisson 



3. Qualitative uncertainty principles 
3.1. Annihilating pairs. 

Notation : We will use the following notations. All sets considered will be measurable and 
the measure of a set S will be denoted by IS"]. We denote by xs the characteristic function 
of S, that is xs{x) = ^ X £ S and xsix) = otherwise. 

For 5, S C M, let Ps, Qt. be the projections on L^(R) defined by Psf = xsf and Qs/ = 
(Xs7)'. Let P^=I-Ps = P^\s and Qi = I - Qe- 

Finally, let Lp'{S) be the space of all functions in L'^(M) with support in S and L|, be the 
set of all functions whose Fourier Transform has support in S. 

A way of measuring the concentration of a function in the time-frequency plane is by asking 
that the function and its Fourier Transform have both small support. For instance, it is well 
known that a function and its Fourier Transform can not both have compact supported. 
Indeed if a non zero function has compact support, then its Fourier tTransform is analytic 
and thus can not have compact support. This leads naturally to the following property: 

DeGnition. Let S, S be two measurable subsets ofW^. Then 

— (<§, S) is a (weak) annihilating pair if, 

suppf C S and supp f C S 

implies / = 0. 

— {S, S) is called a strong annihilating pair if there exists C = C{S, S) such that 



L2 



< C 



L2 



L2 



)■ 



To prove that a pair (S, S) is a strong annihilating pair, one usually shows that there exists 
a constant D = D{S,T,) such that, for all functions / € L^(M'^) whose Fourier Transform is 
supported in S, 

(3.2) II/IIl2(r<^\s) > ^II/IIl2(r^)- 

Moreover, the best constants are related by jyj^^ < C{S, S) < 0(3,1:) 

+ 1. 

As seen as above, if S, E are compact, then they form an annihilating pair. More generally, 
if 5, T, are sets of finite measure, then they form an annihilating pair. This is a particular 
case of the following: 

Theorem (Benedicks l |Bej ). Assume that, for almost every x £ (0, 1), the set {x + Z) Ci S 
is finite and, for almost every ^ G (0, 1), the set (^ + Z) n S is finite. Then the pair (S, E) is 
a weak annihilating pair. 

Proof. The main tool is the Poisson Summation Formula, which implies that 



(3.3) 



kx 
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Assume first that there exists a set E C (0, 1) of positive measure such that, for all x £ E, 
the set (x + Z) n is empty. Then the left hand side of vanishes on E. Since the right 
hand side is a trigonometric polynomial in the x variable, for almost every ^, it is identically 
0. In particular 

ii/ii2= rEi/(^+^)i'=o 

■^0 fcez 

and the conclusion follows in this case. 

Let us now prove the general case. It is easy to find a set C (0, 1) of positive measure 
and an integer > such that (x + NZ) n 5 is empty. We will use the previous case after 
a change of scale. We are thus lead to proving that, for almost all ^ G (0, A~^), the set 

+ N~^7j) n S is finite, which is done by writing it as a finite union of sets {^j + Z) n S 
whereCi=C + ^, j = 0,...,iV. □ 

It has been proved by Amrein-Berthjcr [ AB that pairs of sets of finite measure are actually 
strongly annihilating. As noticed in ijBDj, this can be deduced from Benedick's theorem. 

Theorem (Amr 

annihilating pair. 



ftB 

Theorem (Amrein-Berthier l |ABj 1 . Let 5, S be sets of finite measure, then {S, S) is weak 



Proof. Assume there is no such constant C. Then there exists a sequence G L^(]R) of 
norm 1 and with spectrum S such that fnXR\s converges to 0. Moreover, we may assume 

that fn is weakly converg ent in L^{R) with some limit /. As fnix) is the scalar product of 
g227ra;5^^ and fn, it follows that fn converges to /. Finally, as \fn\ is bounded by we 
may apply Lebesgue's Theorem, thus fnXS converges to / in L^(M) and the limit / has norm 
1. But the function / has support in 5 and spectrum in S so by Benedick's Theorem, it is 
0, a contradiction. □ 



It is much more difficult to have an estfinate of the constant in Amrein-Berthier's Theorem. 
Let us mention a theorem of Nazarov I p^aj which states that one can take C = cqb'^^I'^II^L 
The same problem in higher dimension is not yet solved in a completely satisfactory way. 

For particular S, the range of possible S may be widened. Let us mentioi|i ^h^ following 
theorem, which improves estimates of Logvinenko-Sereda I jCSj and Paneah [Pal ,~Pa2_. 

Definition. A set E is 'j-thick at scale a > 1 if, for all x G M, 

\E ri[x — a,x + a]\ > 270. 

I Ko 

Theorem (Kovrizhkin l |Koj ) . There exists a constant C such that, for all functions f G 
L^(M) with spectrum in [—1,1] and for every set E which is 'y-thick at scale a > 1, one has 
the inequality 

\\f\\i<(^^y^ jjf{x)\'dx. 
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eq:prolate (3.4) 



eq:faris (3.5) 



3.2. Prolate spheroidal wave functions. A closely related question is^tjhp^^oj^jpqjjcentra- 



tion. Thjs has been extensively studied by Landau, Pollak and Slepian 



"rp^rspllSIl, 



see also 



some fixed T, Q, e > 0, 



More precisely, they studied the set of all functions / G L (M) such that, for 



l/(t)Pdt<£2 



\t\>T 



|C|>T 



In particular, they proved that there is an orthonormal basis {ipn}n>o of the space 

PWn = {/ G L\R) : supp / C [-n,n]} 
formed of eigenfunctions of the differential operator: 



L = (T^ 



such that the following theorem holds: 
^ |LP2 



-Y 

dx J 



2x 



Theorem (Landau-Pollak [rP2j Let d = [iTn\ + 1. Then, for every f G L^, s.t. (=i 



holds 



||/-IPd/|li2(K)<49e2| 
where is the orthogonal projection on the span of ipQ, . . . , tpd-i- 

The functions ipk are called prolate spheroidal wave functions and are linked to the wave 
equation in "prolate spheroidal" coordinates. 

This theorem is intimately linked to the Shannon Sampling Theorem. Its heuristics is the 
following. Assume that / G PWq then, according to Shannon's sampling theorem, / can be 
reconstructed from its samples in the following way : 

But now, if / is essentially outside [— T, T], then / is essentially reconstructed from its 
4Tfl samples at {^,— 2rO < k < 2TQ}. That is, the space of functions that are almost 
supported in [—T,T] and have spectrum in [— has dimension d ~ 4Tf]. The above 
theorem gives a precise formulation of this. 



3.3. Local uncertainty principles. The following theorem is due to Faris paj when a = 1 
and Price and Sitaram f (Prt~iPS) in the general case. 

Theorem. IfO<a< d/2, there is a constant K = K{a, d) such that for all f G L'^{M.'^) and 
all measurable set E C W^, 



[ \m\'d^<K\E\^''^''\\\xn\\i. 

Je 



Proof. Let Xr be the characteristic function of the ball {x : \x\ < r} and Xr = 1 — Xr- Then, 
for r > 0, write 

_ \l/2 _ ^ 

l/(Ol'de = WfXEh < WfXrXEh + WfXrXEh < || /Xr ||oo + WfXrh- 
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Now 

and 

so 



Il/Xriloo < Il/Xrill < II |xr"Xr IbH 1^1"/ lb < C^r''/^-^ 1x1"/ 

wmh < II kr"xr iiooii ixr/ ib < r-^ ixr/ ib, 

1/2 



jjf{i)?di^ < (C„|£;|i/V/2-" + r"")|||xr/ 



2- 



The desired result is obtained by minimizing the right hand side of that inequahty over 
r > 0. □ 

An easy computation shows that this proof gives 

(2a)4«/<i ^ > 

A^mpre interresting remark is the fohowing. First, note that if we exchange / and / in 
, then the right hand side becomes, ||A"/^/||2, using Parseval. We thus get that 

1 /2 

EcK'', o<|£;|<oo m"'"" \Je J 

The left hand side is known to be an equivalent norm of the Lorentz-space L^°"°° where 
2d 

||/||^,^,^ < i^||A-/2/||2 for all / G L\^). 

4. Fast decrease conditions 
We will now measure concentration by asking that a function has fast decrease away from 

2 

its mean. A typical very concentrated function is the gaussian e~'^°^ and the parameter a 
measures concentration. 

4.1. Hardy's uncertainty principle. 

Ha 

Theorem (Hardy [Ha ). Let / € L'^{R). Assume that 

(1) for almost all x G M, |/(x)| < C(l + |x|)^e-™l^l', 

(2) for almost all x G M, |/(0| < C(l + |e|)^e-^*l«l'. 

Then, if a6 > 1, / = and if ab = 1 /(x) = P(x)e^'^"l^l^, P polynomial of degree at most N. 

Note that this theorem may be interpreted as follows : the space of functions satisfying 
conditions (1) and (2) of Hardy's Theorem is + 1-dimensional. There are various gener- 
alizations of this theorem. The following is an improvement of a result of Beurling whose 
proof was lost until a new prove was given by Hormander. Hormander's result was only in 
dimension 1 and with = so that it did not cover the equality case in Hardy's Theorem. 
Theorem (Bonami-Jaming-Demange I tSDJ ). Let f G L'^iW^). Assume that 

then f = P(x)e~^^^'^\ where A is positive definite and P is a polynomial of degree < ^r^ . 
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This theorem was further generahzed to distributions by B. Demange. Its only disadvan- 
tage is that it does not give information on the degree of the polynomial, but in practice, this 
can be easily obtained. 

Theorem (Demange). Let f G S'{R'^). Assume that e'^l^'V G S' and e'^l?!^/ G S' then 
f = P{x)e^^^^'^\ where A is positive definite and P is a polynomial. 

Sketch of proof for d = l. The key tool here is to use the Bargmann Transform which trans- 
forms the distribution / into an entire function of order 2 via 



F{z)=B{f){z) :=ef^'(/(:E),e-(--^)'). 



Note that F{—iz) = B{f)[—iz) = B{f){z). Using the fact that a Schwartz distribution has 
finite order, we get from e'^'^' f ^ S' that there exists C, N such that 

\F{z)\ <C7(l + |z|)^e5l^'^^l' 

while, from e'^'^'^/ G S' and the previous formula, we get that 

\F{z)\ <C(l + |z|)^etl^^^l'. 

But then, Phragmen-Lindelof's Principle implies that |i^(2)| < C(l + \z\)^ which, with 
Liouville's Theorem, implies that F is a polynomial. Inverting the Bargmann Transform 
then shows that / is of the desired form. □ 

4.2. The umbrella theorem. We will now prove that the elements of an orthonormal basis 
and their Fourier Transforms can not all be bounded by fixed functions: 

Theorem (Jaming-Powell). Let ■i/' he two fixed functions in L^(R). Then there exists 
N = N{Lp,ip) such that, if {ckjk&i C L^(R) is orthonormal and 

\ek\ < V ) |efc| < V 

then #1 <N. 

This theorem generalizes an earlier result of H. Shapiro [Shl~ Sh2j that showed, using a 
compactness argument, that the sequence is finite, but with no quantitative estimate. 

Proof. Let M = max(||(/9||, HV'II), and < e < Define 

C^(e)=inf|rGM : / \ipit)\' < e^ipA . 

[ J\t\>T J 

Define C^{e) accordingly. For T > max(C^(e), C^(e)) , for all n £ I, 



[ \en{t)\\lt < e^Ml , / |e;(e)pd^<e 

J\t\>T J\£\>T 



2||„/,l|2 
2- 



'|t|>T J\i^\>T 

Let d = [4T^J + 1, r/ = 7 Me and let ipn be the associated prolate spheroidals, 

for n G /, \\en - ^den\\ < V- 
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Now write P^Cn = ^On.fc+iV'fc «-e. a„ := {an,k) G C"^- Then 1 - r/ < ||a„^fc|| = ||Pde„|| < 1 
and 



fc=0 



--ml 



{an,k,am,k) = {'^den,^der, 

°n 6n ~l~ f^m IPrfCm Cm ~l~ Cm) 

3n Cri) IPrfCm Cm) ~l~ (Cn? IPdCm C^) ~l~ (IPrfCn Cj^, 6,; 

Cj2, P|^6m Cm) -|- (e^ P(^e^, Pc(6m Cm) ~l~ (PdCn C^, €.q-n Pc;6m) 

= (Prfe„ - e„, Cm - PdCm) < -rf- 
So 6„ = 71 — u are vectors on the unit sphere such that the angles bm)\ < tzt^- ^ set of 
such vectors is called a spherical code in C"' and is known to be finite. □ 

There are various bounds on the number of spherical codes. For instance, one may identify 
with R^*^ in the standard way. One then gets that if \{bn,bm)cd\ < a then {bn,bm.)^2d £ 
[—a, a] i.e. (5„) is a [—a, a] -spherical code in M?'^. If we call N^'^{a) the maximal number of 
elements of a [—a, a]-spherical codes in M?'^, then the following bounds can be obtained 

— if a < ^ then N'^'^{a) = 2d. 

This is a trivial bound as the code is then linearly independent. 

— N^'ia) < . 

This can be obtained by a volume counting argument. 

— if a < then N'^'^{a) < 2 -^j_~^^^ d, has been obtained by Delsarte-Goethals-Siedel 

frog. 

ip^ip are explicitely given, one may then optimize the choice of T and e in the previous 
proof to get more explicit estimates on ^I. 
Example : 

(1) Take cp = = Ce"^"''^ then 



2 / C 1 

#/< 2 + — max 1 + ln— ,^ + -ln — 
7^a \ a*^/^ 2 2a J 



In this case, only the trivial bound is needed. 
(2) Take cp = ip = then, using the volume counting bound, one gets 



#/ < TV < 3 



20C \ 2p-l 



Moreover, 



2 



V 2p-l 

^32(20C)^ ifl<p<3/2 

where we used the trivial bound for the first estimate and Delsarte et al's bound for 
the second. 
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eq:heat 



eq: shr 



5. Reformulation of uncertainty principles as properties of solutions of 

SOME classical PDE'S 



5.1. The Free Heat Equation. Let us recall that the solution of the Free Heat Equation 

' -dtv + ^d^^v = 
v{x, 0) = vq{x) 

has solution 



(5.6) 

with initial data vq € L^(M) U 

v{x, t) = 



Mm 



-tt£H 



We may then reformulate some uncertainty principles as follows. 

Hardy's Uncertainty Principle. Let vq S L^(M) be non zero and let v be a solution of 

it).b\l with initial data vq. Then for every t > and for every N > 0, x ^ ^ — —^v{x, t) 

is unbounded. 



Indeed, as e-^«'Vo(OI < ll'^o|lLi(R)e-^^'*, if \v{x,t)\ < C{1 + |x|)^e-^^'/* then, from 
Hardy's Theorem, e~'^^ — Ce~'^^ *, a contradiction. 

Note that Demange's Theorem shows that, if vq £ 6'(M) and if a; e'^^ ^^v{x,t) £ fi'(M) 
then vo is a Hermite Function, an so if then v. 

Annihilating pairs. Let {S, S) be an annihUa^mg pair. Let Vq e L^{R) and assume that 
Vq is supported in S. Let u be a solution of (p.V(l with initial data vq and assume that, for 
some t > 0, v{-,t) is supported in S, then vq = 0. ipn!sa2 

Moreover, if (5", S) is a strong annihilating pair with constant D{S,T,) in Ifii.^j) . then, for 
ah t > 0, 



L2{S) 



>D{S,J:)e-^-"'\\vo\\L2( 



\v{x,t)\\mR\s)>D\H^,mmR) = D(.S,^) e-< %{0 
For instance, if S = [—a, a], we thus get the lower bound 

11^(2;, i)iiL2( 

5.2. The Free Shrodinger Equation. Let us recall that the solution of the Free Shrodinger 
Equation 

\v{x,0) = voix) 
has solution 

We may then reformulate some uncertainty principles as follows. 

Hardy's Uncertaint y^ Pr ^inciple. Let vq G L (M) and assume that \vo{^)\ < Ce-™^ . Let 
v{x, t) is a solution of fo. v\l with initial data vq and assume that, for some t > 0, there exists 
c = c{t) and b = b{t) such that 

\vix,t)\ < ce-^^^\ 



(5.7) 

with initial data vq £ L'^{ 

v{x, t) 
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Ifb> 1/a, then vo = 0. Ifb= 1/a, then vo{x) = Ce-'^^^/^''-'^°\ for some C G C. 

The first assertion is a direct consequence of Hardy's theorem. For the second, Hardy's the- 
orem implies that f(x,to) = ce~'^^ thus VoiO = ce^^^ to^-na( _ ^^-iT{a-ito)i _ Inverting 
the Fourier transform, we get the assertion. Note that, in this case 

1 / M C ( na 2\ 
\v[x,t)\ = — exp ; —X . 

Annihilating pairs. Let {S, S) be an anni hjlatii ^p; pair. Let Vo G and assume that 

^0 is supported in S. Let t> be a solution of (|p.Vj) with initial data vq and assume that, for 
some t > 0, v{-,t) is supported in S, then vq = 0. jfia_!sa2 

Moreover, if (5,11) is a strong annihilating pair with constant D{S,T,) in then, for 

all t > 0, 

lk(a^>*)llL2(M\s) ^ D{S,i:)\\v{x,t)\\^2(^^) = Z?(S',S)||uo||i2(jj). 
For instance, if S = [— 1, 1] and E is 7-thick at scale a > 1, then 

/ J \Ca 

\\v{x,t)\\j^2(^E)> [-^) hoh^R)- 
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